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Inference using the iterated-bootstrap method proposed by Hall is appealing for cases in which the
percentile method needs to be used but the nominal level of a confidence interval has to be adjusted.
One natural application is for generalized Gini indices of income inequality. When applying these
theoretical inequality measures directly to sample data for the purpose of statistical inference,
economists must come up with some measure of sampling variation. This is particularly the case
when the index estimates are compared over time to infer information on the changes of social
welfare and inequality. Although there are difficulties in the existing inferential procedures, a more
intuitive approach is to use the iterated-bootstrap method.
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The Gini index (or coefficient) is probably the most used
measure of income inequality. It represents a special case of
generalized Gini indices that allow the social planner to se-
lect a level of inequality aversion and to stress the different
proportions of the income distribution. Chakravarty (1988),
Donaldson and Weymark (1980), and Yitzhaki (1983) pro-
posed two families of generalized Gini indices, the S-Gini
and E-Gini indices.

To apply these indices directly to sample data, economists
need to use some reliable inferential procedures. Earlier at-
tempts, including that of Moothathu (1990), discussed the
statistical inference for the Gini index assuming specific
parametric income distributions. In reality, the unknown
nature of the population income distributions restricts the
wide applicability of this method. Although the U statis-
tics and related theory can be used to justify the asymp-
totic distribution of these generalized Gini-index estimators,
the finite-sample properties are generally unknown and the
variance estimates are usually difficult to compute (see Lee
1990; Yitzhaki 1991). Although it is possible to derive the
asymptotic distribution of the index estimators based on a
small number (say 20) of order statistics or Lorenz-curve
ordinates of the income data, this is not desirable because
of the bias introduced into the index estimators. To solve
these problems, the jackknife and bootstrap methods may
be used. Yitzhaki (1991) presented the jackknife method for
computing variances for generalized Gini-index estimates.
Generally, the jackknife variance estimator is only an ap-
proximation to the bootstrap variance estimator when the
estimator is sufficiently regular. But the generalized-Gini-
index estimators are functions of sample quantiles that are
not regular statistics (see Shao and Tu 1995, pp. 202-203).
The bootstrap method could be a better choice if the es-
timators are asymptotically pivotal. But the generalized-
Gini-index estimators are not asymptotically pivotal. Un-
der this circumstance, the percentile method with bias cor-
rection using Hall’s (1992) iterated bootstrap is a natural
choice.

The remainder of the article is organized as follows. In
Section 1, the generalized-Gini-index estimators are dis-

cussed. Section 2 introduces the iterated-bootstrap method
of confidence-interval estimation for comparing two gener-
alized Gini indices. Ilustrative examples are given in Sec-
tion 3. Finally, some concluding remarks are offered in Sec-
tion 4.

1. THE GENERALIZED-GINI-INDEX ESTIMATORS

Let n ordered nonnegative incomes from the cdf P()
[or the pdf p(-)] of a continuous random variable Y be
ya) < Ye) < < Y(n)» Which form a sample x. A
generalizqd—Gini-index estimator, say 63,,,, can be viewed as a
mapping ,,: R* — R, or a function én(y(l), Ya)siney Yn))-
Specifically, the S-Gini (relative) index estimator is given
by
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where & = Y7, y(;)/n is the sample mean and § > 1 is
an inequality-aversion parameter (see Donaldson and Wey-
mark 1980; Yitzhaki 1983). By choosing different values
for the parameter 6, Equation (1) represents a family of
S-Gini indices of inequality. These indices are continuous,
scale free, S-concave, and invariant to arbitrary replications
of the income vector; see Blackorby and Donaldson (1978)
and Donaldson and Weymark (1980).
The E-Gini (relative) index estimator is given by
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where @ > 1 is an inequality-aversion parameter (see
Chakravarty 1988). For different values of the parameter
a, Equation (2) represents a family of E-Gini indices of
inequality. The properties of E-Gini indices are similar to
those of S-Gini indices.
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Note that two sets of indices are identical if § = 2 in
Equation (1) and o = 1 in Equation (2) because
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When 6 # 2 and o # 1, the key difference between the
two sets of indices is that they treat different data points in
the distributions differently. More specifically, the S-Gini
index estimator given in Equation (1) may be equivalently
expressed as a function of all empirical Lorenz-curve ordi-
nates:
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is the empirical Lorenz-curve ordinate evaluated at i/n, and
c)s are defined as ¢; = ((n — i+ 1)° — 2(n —i)° + (n —
P — 1)5)/71,‘5‘], for g — 12 0 n—1, and ¢, = l/n,d‘l.
Equation (3) shows that the S-Gini index estimator is a lin-
ear function of the empirical Lorenz-curve ordinates with
weights related to the ranks of individual incomes. Simi-
larly, the E-Gini-index estimator given in Equation (2) can
be expressed as a function of all empirical Lorenz-curve

ordinates:

n g ! a 1/ex
0 ; 1 1 A
IR(U):*z(;;(;_L(;)) ) . (5)

Equation (5) shows that the E-Gini-index estimator is a non-
linear function of the empirical Lorenz-curve ordinates with
weights determined by the corresponding weights of in-
come shares.

2. ITERATED-BOOTSTRAP-BASED
STATISTICAL INFERENCE

It is known that the S- and E-Gini indices should be
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estimated based on all of the n data points according to
Equations (1) [or (3)] and (2) [or (5)], respectively. To eval-
uate if the difference between two point-estimates of the
S-Gini (or E-Gini) index is statistically significant, one
common practice is to compute the standard deviations
of the difference in point estimates and then proceed to
construct a statistical test. Because of the difficulties dis-
cussed in the introduction, the bootstrap method may be
considered.

The bootstrap method works best when asymptotically
pivotal quantities are bootstrapped. But the generalized-
Gini-index estimators are not pivotal quantities in the sense
that their asymptotic distributions are functions of un-
knowns. As shown in Equations (3) and (5), the generalized-
Gini-index estimators are functions of empirical Lorenz-
curve ordinates, the asymptotic variance—covariance matrix
of which is a function of unknowns (Beach and Davidson
1983). Hence, the generalized-Gini-index estimators are not
asymptotic pivotal.

When the generalized-Gini-index estimators do not have
analytical scale (or standard deviation) estimates and are not
asymptotically pivotal, I can use the percentile method with
bias correction or adjusting the nominal level of confidence-
intervals via iterated bootstrap. In practice, the double boot-
strap is sufficient and hence it is a special form of the it-
erated bootstrap. Bootstrap iteration can substantially im-
prove the estimation of confidence intervals. According to
Hall (1992), a significant part of the future of bootstrap
methods lies in this direction, using techniques such as
the iterated bootstrap to marry the best features of dif-
ferent methods and thereby obtaining new techniques with
widespread applicability.

The key to the iterated-bootstrap method is to find a tun-
ing parameter ¢ = {(n) for the nominal level a of a confi-
dence interval for a true parameter # given the parameter
estimate 4, from the original sample y. Under the assump-
tion of t(n) — 0 as n — oc, the tuning parameter ¢ may be
chosen to be an additive correction to the nominal level a
and be chosen such that either

P{f € (—00,Zq+1)} =a (6)
or

Fle (-f(l4171)/2~i‘(1+u+f)/2)} = (7)

where & is a critical value. For this purpose, I shall fo-
cus on equal-tailed, two-sided confidence intervals. Let
the nominal level be a such that (1/2) < a < 1. Then
(#1-¢,2¢) is the nominal a-level confidence interval for ¢
with £ = (1/2)(1 + a). The coverage error is at most of
order n~!; that is,

P{6 € (£1-¢,%¢)} =a+O0(n™1). (8)

Please note that ¢ is a function of n, and it may be ex-
pressed as an asymptotic power series in n~'/? in the case
of correcting a one-sided interval and an asymptotic series
in n~! in the case of correcting a two-sided interval. If a
is adjusted to the new level a + ¢, £ should be changed to
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+ (1/2)t. It is possible and desirable to select ¢ so that

P{0 € (Z1-¢—(t/2), Te+(t/2))} = @

To estimate ¢ in bootstrap iteration, let x** denote a re-
sample drawn randomly, with replacement, from a resample
X, which is again a resample from the original sample x.
Let =* denote the version of 6,, computed from \** and 6*
denote the version of 6, computed from x*. Let Z* be the
critical value computed for the empirical distribution of 6*
based on y. Then
(10)
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is an estimate of
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The solution ¢ of #(t) = a is an estimate of the solution of
7(t) = a. The iterated-bootstrap interval is

T = (B1_¢—(i/2) Tesr(i/2))- (12)

According to Hall (1992), ¢ can be computed as follows:
(1) Draw B; independent resamples x7i,...,x5, by sam-
pling randomly, with replacement, from the 0r1g1na] sample
x; (2) for each i (1 < i < B;), draw B, independent re-

*

samples x'7,.. ., X5, by sampling randomly, with replace-
ment, from x*. Use 6} and @fj" for values of f,, from x* and
A respectively, instead of y; (3) rank {é{,l S By
as 9{1) SllavarRe ()(*Bl), and rank {éj]*,l < j < By} as
9;.*_"(*1) L T 9;*,?32) for every i; (4) let v, (b), for k = 1,2, be
monotone functions taking values in the sequence 1, .. ., By,
and such that vy (b) /By ~bfor k=1,2 and 0 < b < 1; (5)
the é?vl(b)) is an approximation to & and
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with I(-) being an indicator function, is an approximation
to #(t). Choose 113139 to solve the equation

m

(9”121 —£—(/2)))> 9**1,(£+(t’2) D) (A3}

ﬁB}BQ(t) =a (|4)
as nearly as possible. Then the confidence interval
Ip.B, = (9(*"1(1*5*(3.31B.z/'z);)' 9;1’1(§+({5132/2))1) (15)

is a computable approximation to the interval Z defined in
Equation (12).

For the purpose of computation, it is useful to note
the following: Given 1/2 < a < 1 and £ = (1/2)(1

a), [Z1—¢, ¢] represents the nominal a- level confidence in-
terval. One may adjust 1 — & and £ to 1 — £ — (¢/2) and
& + (t/2), respectively. To set the range for ¢, note that,
when t = 2(1 —€),1 —&— (¢/2) = 0 and € + (¢/2) = 1
and that, when t = —2(1 — &),1 — & — (t/2) =2(1 — &) and
£+ (t/2) =26 — 1.
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As vy,vp,B;, and By diverge in such a way that
v;(b)/B; = b,fori=1,2and 0 < b < 1,1 have 75,5, > 7
and 9(*1,1(6)) — &3 with probability 1 conditional on . This
ensures that Zp, g, — Z as B;By — oo, at least within
the limitations imposed by discreteness in the definition of
the latter interval. Booth and Hall (1994) noted that By Bs
should be at least 10°, B, should be considerably smaller
than B, and it is optimal to set B, to be approximately a
constant multiple of BI/Q

To compare two generahzed Gini indices, the iterated-
bootstrap method can be used to compute the confidence
interval of the difference between the two indices as in
Equation (15). If the confidence interval does not contain 0,
it suggests that the difference is statistically significant at
a certain level; otherwise, the difference is not statistically
significant.

3. ILLUSTRATIVE EXAMPLES

In their survey, Levy and Murnane (1992) reported the
Gini-index estimates from 1967 to 1986 (see Levy and Mur-
nane 1992, table 2: part 1). Based on the point-estimates
of the Gini index computed from the sample, they con-
cluded that earning inequality did not change much in the
1970s but increased rapidly in the 1980s. Two issues that
are potentially important were not addressed so that the
conclusion would be statistically sound: (1) Will the con-
clusion be affected if the sampling variation inherent in the
sample estimates are duly considered? (2) Will the con-
clusion be affected if inequality-aversion changes to re-
flect some different social norms? To address these two
issues, I adopt the S- and E-Gini-index estimators that al-
low changes of the inequality-aversion parameter, with the
iterated-bootstrap method for statistical inference. To eval-
uate the changes of income inequality of the United States
over time, I apply the proposed method to the 1969, 1979,
and 1988 nominal individual income data from the Panel
Study of Income Dynamics. Because the S- and E-Gini in-
dices are more general than the regular Gini index, I can use
these indices to examine the changes of income inequality
over time while allowing for different degrees of inequality
aversion,

Table 1 shows the means and standard deviations of in-
dividual incomes, and the S- and E-Gini-index estimates
and their bootstrap standard deviations for 1969, 1979,
and 1988. The table shows that the means (standard devi-
ations) of individual incomes are $26,596.40 ($19,437.97)
in 1969, $28,931.59 ($24,098.20) in 1979, and $30,816.98
($32,224.66) in 1988. To evaluate income inequality accord-
ing to different levels of inequality aversion, I compute the
S- and E-Gini indices based on the sample data.

1 let the values of ¢ (a) be 1.25, 2.00, and 3.50 (1.00, 4.00,
and 10.00), respectively, to give different degrees of empha-
sis on the undesirability of inequality. When the inequality-
aversion parameter ¢ is set low—that is, § = 1.25—the S-
Gini-index estimates are .1412 in 1969, .1483 in 1979, and
.1701 in 1988. Similarly, when the inequality-aversion pa-
rameter « is set low—that is, o = 1.00—the E-Gini-index
estimates are .3564 in 1969, .3696 in 1979, and .4074 in
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Table 1. Estimated S- and E-Gini Indices, U.S. Income

Mean S-Gini Index Estimates E-Gini Index Estimates

Year $ o= 125 6 =200 d =350 a = 1.00 a = 4.00 a = 10.00
1969 26,596.40 1412 3564 5314 .3564 4135 .4490
(19,473.97) (.0039) (.0066) (.0067) (.0062) (.0067) (.0073)
1979 28,931.59 .1483 .3696 .5484 .3696 4291 4661
(24,098.20) (.0046) (.0057) (.0053) (.0059) (.0059) (.0060)
1988 30,816.98 1701 4074 .5901 4074 4722 5125
(32,224.66) (.0055) (.0057) (.0053) (.0060) (.0063) (.0068)

NOTE: The sample sizes are 2,206, 4,173, and 6,244 for the years of 1969, 1979, and 1988, respectively. The number of iterations for bootstrap estimation is chosen to be 500. The numbers in
the parentheses are standard deviations for mean income and bootstrap standard deviations for S- and E-Gini indices.

1988. It appears that the estimates of the S- and E-Gini
indices have increased from 1969 to 1988. The changes
in both indices from 1969 to 1979 are relatively small,
whereas the changes from 1979 to 1988 are relatively large.
When the income inequality-aversion parameter 6 (o) is set
to 2.00 (4.00), the S-Gini (E-Gini) index estimates are .3564
(.4135) in 1969, .3696 (.4291) in 1979, and .4074 (.4722) in
1988. It appears that the estimates of the S- and E-Gini in-
dices have increased. Similar observation can be made for
the index estimates when the inequality-aversion parame-
ter § (o) is set to 3.50 (10.00). Once again, I note that
the S- and E-Gini indices are identical when § = 2 and
o =1,

Although I have observed increases in these index esti-
mates over time, I do not know if the increases are due to
sampling variation or to changes in the population income
distributions. I can use the proposed inferential procedure
to verify the statistical significance of the increases in the
S- and E-Gini indices over time. Table 2 shows both esti-
mates of the S- and E-Gini indices and the 95% confidence

intervals of their differences between 1969 and 1979, and
1979 and 1988. Here I use By = 999 and B; = 100 in the
iterated bootstrap. As can be seen from the table, the in-
creases in income inequality from 1969 to 1979 are very
marginal even if one considers a wide range of values for
the inequality-aversion parameters (4 and «) because all of
the 95% confidence intervals contain the point of 0. It is
no longer the case, however, for the increases of income
inequality from 1979 to 1988. Almost all of the 95% confi-
dence intervals of the changes in inequality measures from
1978 to 1988 do not contain 0 except for the case of the S-
Gini index when the inequality-aversion parameter ¢ is set
low at 1.25. These statistical inferences confirm the obser-
vation made by Levy and Murnane (1992) based only on the
point estimates of the Gini index: The income inequality did
not change in the 1970s and increased rapidly in the 1980s.
Although the S- and E-Gini-index estimates are higher in
value and these values diverge more from each other as
the values of the parameters are set higher (6 = 2.00 and
3.50 and o = 4.00 and 10.00), the statistical inferences still

Table 2. The 95% Confidence Intervals for the Differences

Years 1969 1979 1988
S-Gini, 6 = 1.25 1412 .1483 1701
95% conf. interval
N———— S ——
for difference [—.02475, .01057] [—.04643, .00109]
S-Gini, 6 = 2.00 .3564 .3696 4074
95% conf. interval
N —’ ——— ——
for difference [—.03919, .01133] [—.06092, —.01745]
S-Gini, 6 = 3.50 .5314 .5484 .5901
95% conf. interval
N — | —
for difference [—.04798, .01516] [—.06618, —.02069]
E-Gini, o = 1.00 .3564 .3696 4074
95% conf. interval
N N———
for difference [—.03889, .01431] [—.06151, —.00994]
E-Gini, o = 4.00 4135 4291 4722
95% conf. interval
N——— ———
for difference [—.04993, .01720] [-.07175, —.00277]
E-Gini, o = 10.00 .4490 .4661 5124

95% conf. interval

for difference

e e
[—.05337, .01424]

N’
[—.07857, —.01540]

NOTE: The 95% confidence intervals are estimated based on the iterated-bootstrap method with By = 999 and B> = 100. The confidence intervals provide the information on the significance of
the difference between two Gini indices. When the confidence interval includes (excludes) 0, it indicates that the difference is insignificant (significant). The increases between the 1969 and 1979
generalized Gini indices are insignificant, but the increases between 1979 and 1988 indices are significant except for the increase of the S-Gini index in 1979 and 1988 when § = 1.25.
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confirm the conclusion that income inequality deteriorated
from 1979 to 1988 but not from 1969 to 1979.

4. CONCLUDING REMARKS

This article proposes the iterated-bootstrap method and
applies it in analyzing the changes in income inequality
over time based on sample data. This proposed method does
not alter the theoretical indices for the purpose of statisti-
cal inference. It does not require estimation of the stan-
dard deviation. This method is essentially the percentile
method with bias correction using the iterated bootstrap.
This computation-intensive method can be applied to a wide
range of cases in which meaningful theoretical quantities
defined for the population can be computed only based on
sample data. The percentile method with bias correction al-
lows us to take sampling variation into full consideration
in statistical inference. As an example, I use the iterated-
bootstrap method to verify the statistical significance of the
changes of income inequality during the 1970s and 1980s.
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