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The persistent downward-sloping term structure of relative yield spreads of U.S. taxable and tax-exempt 
bonds has been a puzzle in economics and finance. Since the late 1980s, a number of researchers have 
found this "anomaly" and analyzed this phenomenon from various vantage points such as market 
segmentation, special trading behatriors, and risk-aversion. This paper suggests that the term structure 
may be affezted by the dynamic portfolio choice of risk-averse investors who fate uncertain future income 
and tax rates. This paper proposes a dynamic portfolio model that can incorporate future uncertainty 
into a dynamic decision process. It is hoped that this model could offer some new insight into possible 
c a n s e s .  

The term structure of relative yield spreads between U.S. taxable and tax-exempt 
bonds is often discussed in economics and finance (Stiglitz, 1988; Van Horne, 1994). 
It is commonly recognized that the tax rate of the marginal investor affects the pricing 
of taxable and tax-exempt bonds. There is, however, little agreement on how the tax 
rate as one form of market frictions works, and why relative yield spreads of the two 
types of long-term bonds are generally much smaller than, but occasionally greater 
than that of their short-term counterparts. 

The theoretical attempts to study relative yield spreads of taxable and tax-exempt 
bonds started from Miller (1977) and Fama (1977). They noted that the corporate- 
capital-structure and bank tax-arbitrage could affect current relative yield spreads. 
Having noticed the inaccurate predictions and difficulties in reconciling the "implied 
tax rate" (the relative yield spread) with the actual average tax rate faced by nonbank 
corporations and banks, Trczinka (1982) tackled the issue by incorporating a time- 
varying default risk premium for prime-grade municipal bonds into his model, while 
Buser and Hess (1986) extended the Miller model by including financing costs. 
Skelton (1983), however, employed the historical restrictions of Regulation Q to 
explain the yield spreads. 

The Tax Reform Act of 1986 had a profound impact on the tax-exempt bond 
market. Although relative yield spreads have become consistently narrower since 
then (see Table 1), the downward-sloping pattern of the term structure appeared 
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T a b ~  1. A n n u a l  A v e r a g e s  o f  t h e  M o n t h l y  R e l a t i v e  Y i e l d  S p r e a d s :  1 9 5 3 - - 1 9 9 4  

Year r~Js I 6 s 5  ^ ^ ^ rysl0 rys20 ry$30 

1953 .33202 .37085 .33271 .22707 .20681 

1954 .26822 .38441 .38714 .22408 .16512 

1955 .41426 .40642 .34104 .24387 .19890 

1956 .41305 .27887 .27887 .21914 .18406 

1957 .38013 .29398 .22178 .15101 .12198 

1958 .41245 .32647 .26244 .18936 .14843 

1959 .43309 .37640 .28971 .22237 .18499 

1960 .42201 .36421 .29179 .22678 .16979 

1961 .47558 .39681 .28376 .19023 .15052 

1962 .46774 .42310 .35300 .25495 .20567 

1963 .46487 .41234 .35108 .26094 .21851 

1964 .44143 .37507 .32716 .26492 .22073 

1965 .42567 .34608 .31624 .26378 .21874 

1966 .33647 .31593 .26608 .22708 .20676 

1967 .36952 .32472 .28602 .23880 .20808 

1968 .40533 .32821 .28210 .22585 .18391 

1969 .34413 .27817 .21361 .13255 .08724 

1970 .38654 .35275 .25915 .10124 .06041 

1971 .40482 .39035 .29215 .13026 .07386 

1972 .43495 .38774 .33077 .15365 .10566 

1973 .45279 .37432 .33867 .28219 .25528 

1974 .42640 .36592 .29954 .28220 .26236 

1975 .40824 .36440 .26593 .21735 .19732 

1976 .47469 .42438 .36061 .27580 .24239 

1977 .50715 .43888 .40591 .32190 .29002 

1978 .49281 .43615 .40846 .34620 .31776 

1979 .49673 .42904 .41665 .34843 .32831 

1980 .48539 .43923 .39986 .30800 .27467 

1981 .46317 .39434 .32343 .22935 .19589 

1982 .42365 .33616 .24884 .15360 .12476 

1983 .44545 .37242 .28085 .20614 .18583 

1984 .44031 .38338 .30016 .22236 .21006 

1985 .39749 .32298 .24805 .19638 .18351 

1986 .32539 .25131 .18076 .14832 .10816 

1987 .33132 .29102 .23050 .16768 .13095 

1988 .27263 .28563 .24418 .17436 .15416 

1989 .28749 .24762 .21491 .17685 .15792 

1990 .25995 .25123 .22148 .19008 .17524 
1991 .21016 .24802 .22765 .17476 .16720 

1992 .22514 .22134 .19199 .14934 .17126 

1993 .24251 .19841 .18629 .12630 .16155 
1994 .29881 .27337 .24006 .16010 .16560 

• . . ^ 
Note: The annual averages of monthly relative yield spreads with term-to-maturity z(rysi, i = 1, 5, 10, 20, and 30) from 

1953 to 1994 are computed from the monthly data in Analytical Record of Yields and Yield Spreads published by 
Salomon Brothers Inc. The federal government bond yields are taxable. The prime grade municipal bond yields 
are tax-exempt. The relative yield spread of taxable and tax-exempt bonds for a particular term-to-maturity is 
defined as the ratio of the yield spread of the two types of bonds of that term-to-maturity to the yield of the 
corresponding taxable bond. 
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unchanged  in general. In the 1980s, the municipal (tax-exempt) bonds became 
increasingly popular  investment instruments among individual investors and mutual 
fund management  firms. 

Since then the research focus gradually shifted to the term structure of  relative 
yield spreads. The  relative yield spread of  taxable and tax-exempt bonds for a 
particular term-to-maturity is defined as the ratio of  the yield spread of  the two types 
of  bonds of  that term-to-maturity to the yield of  the corresponding taxable bond. 
Kochin and Park (1988) identified the downward-sloping pat tern and suggested that 
it provides arbitrage opportunit ies (see Table 1). Other  researchers, such as Piros 
(1987), Mitchell and McDade (1992), Green (1993), and Kryzanowski, Xu, and 
Zhang (1995), a t tempted to explain the factors that may cause the downward-sloping 
term structure. Piros (1987) noted that the yields of  tax-exempt bonds must be suffi- 
ciently high to attract risk-averse investors whose future income is uncertain. By examin- 
ing the behavior of  property and liability insurance companies in the tax-exempt bond 
market,  Mitchell and McDade (1992) found that the downward-sloping term struc- 
ture of  relative yield spreads may result from the market  segmentation. Green (1993) 
suggested that the downward-sloping pattern is caused by the investor's taxable bond 
trading strategy. Kryzanowski, Xu, and Zhang (1995) found that, in addition to the 
time-varying risk premium and forward tax rate, the tax timing option and expected 
future inflation could also cause the term structure downward-sloping. 

Researchers who have studied taxable versus tax-exempt bond  yields have fo- 
cused rather  narrowly on  one  or another  factor that may account  for the observed 
pat tern of  relative yield spreads. None of these papers has considered the yield spread 
effect of  investors who choose taxable and tax-exempt bonds in a multi-period 
context  that includes uncertainty about  future income and tax rates. This paper  
attempts to do exactly that based on Lucas (1978), Piros (1987), and Sargent (1987). 
The  paper  is limited, however, in that it makes no at tempt  to incorporate  the 
empirical findings of  o ther  researchers, and that it assumes that the investors are not  
constrained from rearranging their portfolios freely. Some investors, in particular 
those institutional investors in these markets often lack complete  flexibility to 
rearrange their portfolios. Their  presence in the taxable and tax-exempt bond  
markets could be an impor tant  force affecting the term structure. 1 

The  rest of  the paper  is organized as follows. In Section I, the proposed  model  
is in t roduced and discussed. Section II contains the theoretical analysis and predic- 
tions. Finally, some concluding remarks are offered in Section III. 

I. M O D E L  

This section establishes a model  that describes the risk-averse investor's dynamic 
portfolio choice in a nominal  framework. It is different f rom the conventional  asset 
pricing model  (Lucas, 1978; Sargent, 1987) in that income, assets, returns, and tax 
payments are all nominal.  Within the model  framework, this paper  shows how 
uncertain future income and tax rates, and income and substitution effects are 
related to the term structure of  relative yield spreads. 
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In  this model ,  the  representat ive investor is a ssumed  to be rat ional  and  risk- 
averse. T h e  investor  receives income,  Yt, and  makes a c o n s u m p t i o n  decision,  q, and  
an inves tment  decision at t ime t. Exogenous  uncer ta in ty  is charac te r ized  by a 
t i m e - h o m o g e n e o u s  Markov process [Xt}, where  Xt is the state at t ime t. T h e  i ncome  
process  {y~ can  be expressed as a func t ion  o f  {X~. Thus,  the source  o f  uncer ta in ty  is 
f rom future  i n c o m e  a nd  the  uncer ta in ty  is resolved only when  i ncome  becomes  
known.  

T h e  time-t t raded  short- and  long- term securities are default-risk free, taxable 
one-  and  two-period bonds ,  d e n o t e d  as L~t and  L~t, respectively. The i r  tax-exempt  
coun te rpa r t s  are d e n o t e d  as Lit and  Let, respectively. 2 These  securities are  denomi -  
na ted  in units o f  time-t income.  T he  after-tax gross re turns  on  these securities, Ri~ 
and  Rit (i = 1, 2), are the extra resources  available to the investor when  the bonds  
mature .  T h e  pre-tax ne t  re turns  on  taxable a nd  tax-exempt  bonds ,  ~t and  r# (i = 1, 
2), are known when  the bonds  are pu rchased  at t ime t. T h e  tax rates imposed  on  
pre-tax ne t  re turns  at t ime t+ 1 and  t+ 2 are d e n o t e d  as x~l and  ze~2, respectively. T h e  
after-tax gross re turns  a nd  pre-tax ne t  re turns  are re la ted by R~t = 1 + (1 - z~.)~ and  
Rit= l + ritfor i= l, 2. 

T h e  g o v e r n m e n t  collects taxes f rom bo th  i ncome  and  yields. T h e  tax rate 
imposed  on  i n c o m e  at t ime t, ~ is a m o n o t o n i c  increas ing func t ion  o f  the  level o f  
i n c o m e  and  predic table  with respect  to the in fo rmat ion  set at  t ime t, i.e., "c t = 
f(yt(XO), where  ~, ~ (0, 1). T h e  same tax rate, ~t, is also the one  imposed  on  the  yield 
o f  one -pe r iod  taxable bonds  pu rchased  at time t -  1 because  the taxable yield is paid 
at t ime t. T h e  tax rate, imposed  as o f  t ime t + 1 on  the yield o f  two-period bonds  
p u r c h a s e d  at t ime t -  1, is uncer ta in  because  the taxable yield is pa id  at t ime t+l, when  
the  state is still unknown .  This tax rate is d e n o t e d  as ~t+l =f(Y~+l(X~q)), where  ~ 1  
(0, 1). Clearly, the uncer ta in ty  o f  the fu ture  tax rate implies the  possibility o f  changes  
in the  tax rate applicable to the investor due  to possible changes  in fu ture  income.  
Thus ,  the focus will be on  the investor 's expecta t ions  o f  uncer ta in  fu ture  i ncome  and  
tax rates. Since uncer ta in ty  is charac ter ized  by a t i m e - h o m o g e n e o u s  Markov process,  
we specify E,(%~0 = Tt, i = 1, 2; tha t  is, the expecta t ions  o f  the fu ture  tax rate based on  
the in fo rma t ion  set available at the cu r r en t  t ime is simply the  cu r r en t  tax rate. The  
investor 's  opt imiza t ion  p rob l e m  is cons t ra ined  by 

ct + Li t+ Li t+ L2t + L~t <- 

yt( I - 1;t) + Llt_iRlt_1 + L]t_IR~I,_I + L2t_2R~t._ 2 + I~t__2R~t_ 2 (1) 

where  t= 0, 1 . . . .  ; Y0 and  L0 are initial values o f  i ncome  and  assets, respectively. Since 
at t ime t only ~, applies to the budge t  constraint ,  x, does no t  i n t roduce  any uncer ta in ty  
at t ime t. This b u d g e t  cons t ra in t  suggests that  the sum o f  c o n s u m p t i o n  and  new 
inves tment  in bonds  shou ld  be less than or  equal  to the sum o f  after-tax i n c o m e  and  
assets available for  re investment .  

T h e  investor  has a t ime-separable,  strictly concave,  m o n o t o n i c  and  twice differ- 
ent iable  utility func t ion ,  u = u(c). T he  d iscount  rate is de f ined  as [3 which is less than  
o n e  and  g rea te r  than  zero. T h e  set o f  choice  variables at t ime t is de f ined  by At = 
{q, LI~ Lm, L~t, L~t}. T h e n  the individual investor solves the fol lowing dynamic  portfo-  
lio choice  p r o b l e m  
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"- (2) 
max  Eo ~ ~tu(ct) 

Ia,} t=O 

subjec t  to Equa t ion  1. At t ime  t, the  variables Yt, x,, dr, Rlt, ~t, 1~,, a n d  ~t a re  known,  
cond i t iona l  o n  the  i n f o r m a t i o n  set  available at  t ime t. 

I I .  T H E O R E T I C A L  P R E D I C T I O N S  

This  sec t ion  shows how the t e r m  s t ruc ture  o f  relative yield spreads  and  unce r t a in ty  
i n t r o d u c e d  by the  exogenously-given i n c o m e  process  are  related.  

Solve the  p r o b l e m  by f o r m i n g  the  L a g r a n g i a n  func t ion ,  

J= Eo ~ ~3t{u(ct) + )~,[y,(1 - %~ + Llt__lRlt__ 1 + LIt_lRXlt__l 
t=o 

+ L2t-2/~2t-2 + L~t--2R~t-2 - c t -  L l t -  L i t -  L 2 t -  L~,]}, (3) 

where  {),A is a s e q u e n c e  o f  r a n d o m  L a g r a n g e  mult ipl iers .  Given tha t  the solut ion  
exists fo r  this Markov  mode l ,  3 s o m e  o f  the  f i rs t -order  cond i t ions  are  

d(cL) - ~,t = 0, (4) 

-)~t + ~Et()~t+lRlt) = O, (5) 

-X,  + ~E,(X, , IRD = O, ( 6 )  

-)~t + ~32E,(X~-2R2t) = O, (7) 

and  

-X, + f~2E,(X~2R~ = 0. (8) 

R e a r r a n g i n g  these  cond i t ions  yields 

C( c~ = f~E,[ C( c~I)R~,], (9) 

C(ct) = ~3E,[ C(ct+I)R~,], (10) 

C( ct) = ~32Et[ C( c~.2)R2,], (1 1) 

a n d  

C(c,) = ~2Et[ d(ct+2)R~t]. (12) 

F r o m  Equa t ions  9 a n d  10 with the  t ime subscripts  shif ted backward  o n c e  a n d  the  
def in i t ion  o f  cond i t iona l  covar iance ,  it can  be  shown 

r1~-1 - ~t-1 [1 - Et('q)] = Covt[~(cO, r]t-l(1 - xL)] [EtC(ct)] -1. (13) 
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Since Et('q) = "c t and  the re  is no uncer ta in ty  in b o t h  i n c o m e  and  c o n s u m p t i o n  at  t ime 
t, the  r igh t -hand  side o f  Equa t ion  13 is zero,  yielding the ( indi f fe rence)  tax rate  

(TI l t_  1 - -  rlt_l )/rllt_ 1 = "C t. (14) 

Now cons ide r  the  fu ture  relative yield spreads.  F r o m  Equa t ions  9, 10, 11, and  12, 
it can  be  shown tha t  

r l t -  r•t[1 - Et(xt+x)] = Covt[zg(Ct+l), rlt(1 - "Ct+l)] [gtut(ct+l)] -1, (15) 

and  

r2 t -  ~t [1 - E t (x~) ]  = Covt[u'(ct+2), ~t(1 - xt+2)] [E:{(ct+2)] -1. (16) 

Equa t ions  15 a n d  16 can  be  r ea r ranged ,  respectively, as 

( ~ t -  rlt) /r~t = Et(xt+l) - A1/~llt, (17) 

where  A1 = Covt[u/(c~+l), ~t(1 - "c~+1)] [E:{(c~.a)] -1, and  

(~2,-  r2t) / 4 ,  = E,(x~.2) - A2/~, ,  (18) 

whe re  A s = Covt[u'(c~+2), r~t(1 - x~-2)] [Etu'(ct+2)] -1. 
Equa t ions  17 and  18 indicate  that  there  are two m a j o r  factors  affect ing the  fu ture  

relative yield spreads .  T h e  first fac tor  is the e x p e c t e d  value o f  the  fu tu re  tax rate.  I t  
is n o t e d  tha t  xt+x and  x~+2 are u n k n o w n  at  t ime t. Given the  se tup  o f  the  mode l ,  
Et(%-i) = "ct for  i = 1, 2. This  s imply says tha t  w h e n  the i n f o r m a t i o n  a b o u t  the fu ture  
tax rate  is n o t  in the  i n fo rma t ion  set, us ing the  ( indi f ference)  tax rate  to fo rm 
expec ta t ions  is the op t ima l  choice.  

T h e  second  fac tor  is the  scaled covar iance  be tween  the fu tu re  ma rg ina l  utility 
der ived  f r o m  the fu ture  c o n s u m p t i o n  and  the  fu ture  tax rate,  

A i /  ~it = C o v  t[ u" ( ct+i) , ~t(1 - "csi) ] { [ E t ~  ( ct+.,) ] ~t} -1, (19) 

where  i = 1, 2. Because  E:{(ct+~) for  i = 1, 2 is a positive t e rm  based  on  the  m o n o t o n i c  
a s sumpt ion  o f  u(c),  the  sign o f  Ai is d e p e n d e n t  on  the  sign o f  the  covar iance.  I t  is 
known tha t  a h ighe r  (lower) fu ture  tax rate xt+i, which is d e p e n d e n t  u p o n  a h ighe r  
(lower) fu tu re  income ,  leads to a lower (h igher)  fu ture  after-tax yield, ~t (1 - xt+i), 
which  m a y  affect  the  fu tu re  c o n s u m p t i o n  in the fol lowing two ways. 4 

CASE 1 

Case 1 ( the i n c o m e  effect) is the  case whe re  a lower (h igher )  fu tu re  after-tax 
yield makes  the fu ture  c o n s u m p t i o n  lower (h igher)  and  h e n c e  the  marg ina l  utility 
der ived  f r o m  it b e c o m e s  h ighe r  (lower).  In  this case, the  t e rms  Ai (i = 1, 2) are  less 
than  zero.  Et('ct+.,) = z t fo r  i=  1, 2, and  Equat ions  14, 17, and  18 imply  tha t  the  fu ture  
relative yield spreads  are h ighe r  than  the  c u r r e n t  relative yield spread:  
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(~D-1 - rlt-1) lr~lt-1 < (~lt-  rl~ l~llt, (20) 

and 

(~t-1 -- rlt--1)/tit-1 < ( ~ t -  r2t)/~t. (21) 

Based on  the above inequalities, it is clear that the term structure would be down- 
ward-sloping if 

A1/qt < A2/~t < O. 

AS term-to-maturity increases, relative yield spreads would approach the (indiffer- 
ence) tax rate from above. Hence, we have A2 / AI > ~t/~11t. Since ~t usually exceeds 
~ i.e., the yield curve of taxable bonds is normally upward-sloping, A2/A ] > ~v/~t > 
I reflects the fact that the income effect is greater in a more distant future because 
of greater future uncertainty. 

CASE 2 

Case 2 (the substitution effect) is the case where a lower (higher) future after-tax 
yield leads more (less) investment in other possibilities (such as bonds with shorter 
terms-to-maturity or that are tax-exempt). Such portfolio rebalancing makes the 
future consumption higher (lower) and the marginal utility derived form it becomes 
lower (higher). In this case, the terms A/- (i = 1, 2) are greater than zero. Et('Q+i) = "c t 
for i = I, 2, and Equations 14, 17, and 18 imply that the future relative yield spreads 
are lower than the current relative yield spread: 

(~11~1 - r]~-l) /rlt-1 > ( ~ , -  rl,) l~ll,, (22) 

and  

(~lt--I -- Tlt-1)/~lt-1 > ()'~t- r2t)//4~ (23) 

As can be derived f rom the above inequalities, the term structure would be down- 
ward-sloping if 

A2/~t > A1/~,  > O. 

AS term-to-maturity increases, relative yield spreads would fa//way f rom the (indiffer- 
ence)  tax rate.  He nce ,  we have A2/A 1 > r~t/~t. Since r~t usually exceeds  ~t, 
A2/Aa > ~ , / ~ t  > 1 reflects the fact that the substitution effect is greater  in a more  
distant future because of  greater  future uncertainty. 

In  summary, the theoretical conjecture suggests that  the persistent pat tern  of  the 
downward-sloping te rm structure could potentially result f rom income and substitu- 
tion effects. When  the income effect dominates,  relative yield spreads would ap- 
p roach  the (indifferent) tax rate f rom above. When  the substitution effect dominates,  
the spreads would fall f rom the tax rate. The  income uncertainty and  hence  tax rate 
uncertainty in a more  distant future lead to greater  income and substitution effects. 
Since relative yield spreads tend to fall away f rom the (indifference) tax rate as 
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term-to-maturity increases, it can be inferred that  this may reflect mainly the current  
and  future substitution effects, and the investors' efforts to rebalance their  portfolio 
in the face of  future income uncertainty. The  substitution effect in the mode l  may 
also be  reflected in the various degrees of  marke t  segmentat ion observed in real life. 5 

HI.  C O N C L U S I O N  

This pape r  extends the analysis of  the impact  o f  income uncertainty on relative yield 
spreads between taxable and  tax-exempt bonds based on the investor's dynamic 
portfolio choice model .  The  analysis indicates that  the slope of  the term structure of  
relative yield spreads could be related to the investors' decisions and cor responding  
income and substitution effects. The  persistent pat tern  of  the te rm structure may be 
largely due to the substitution effect since relative yield spreads tend to fall away f rom 
the (indifference) tax rate as term-to-maturity increases. 

As is noted,  the downward-sloping term structure started to flatten f rom the late 
1980s and  this cont inued gradually into the 1990s (see Table 1). Within the p roposed  
dynamic portfolio choice model ,  this tendency may be due to the decreasing 
impor tance  of  substitution effects. It  is also possible that  o ther  factors such as 
institutional changes may have come into play. This relatively recent  p h e n o m e n o n  
obviously represents  a new challenge for future research. 
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1. The representative agent model is also limited in that it is not a suitable framework 
for studying heterogeneous behaviors among taxable and tax-exempt bond investors. 

2. As can be seen later, the selection of one- and two-period coupon bonds is made for 
simplicity and the analysis in this model could be fairly general. 

3. Duffle (1988) provides a general proof of the existence of a unique solution of a more 
general Markovian model. 

4. The author would like to thank one referee for very stimulating comments on the two 
cases. 

5. See Fama (1977), and Mitchell and McDade (1992), among others. 
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