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Abstract

Procedures to compensate for correlated measurement errors in multivariate data analysis are described. These procedures
Ž .are based on the method of maximum likelihood principal component analysis MLPCA , previously described in the litera-

ture. MLPCA is a decomposition method similar to conventional PCA, but it takes into account measurement uncertainty in
the decomposition process, placing less emphasis on measurements with large variance. Although the original MLPCA algo-

Ž .rithm can accommodate correlated measurement errors, two drawbacks have limited its practical utility in these cases: 1 an
Ž .inability to handle rank deficient error covariance matrices, and 2 demanding memory and computational requirements. This

paper describes two simplifications to the original algorithm that apply when errors are correlated only within the rows of a
data matrix and when all of these row covariance matrices are equal. Simulated and experimental data for three-component
mixtures are used to test the new methods. It was found that inclusion of error covariance information via MLPCA always
gave results which were at least as good and normally better than PCA when the true error covariance matrix was available.
However, when the error covariance matrix is estimated from replicates, the relative performance depends on the quality of
the estimate and the degree of correlation. For experimental data consisting of mixtures of cobalt, chromium and nickel ions,
maximum likelihood principal components regression showed an improvement of up to 50% in the cross-validation error
when error covariance information was included. q 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

In chemometrics, principal component analysis
Ž .PCA is perhaps the most widely used technique for
the treatment of multivariate chemical data. It is es-
pecially valuable for problems of dimensionality re-
duction, rank estimation, modeling, and mixture
analysis. Many methods have evolved with PCA at

Žtheir core e.g., principal components regression,
.SIMCA and, although several variations of the basic

Žalgorithm exist e.g., implementation by singular
.value decomposition and kernel algorithms , it is a

testament to the utility of the method that it has with-
stood the test of time and remains fundamentally un-
changed. However, a persistent weakness of PCA in
chemical applications has been its inability to incor-
porate knowledge of measurement uncertainty into
the analysis of experimental data. The utility of PCA
derives from its ability to model variance in the data,
but unfortunately it is unable to distinguish between
the variance associated with the measurement pro-
cess and systematic variance due to chemical factors.
This is especially a problem when the measurement
uncertainties have non-uniform variances and, over
the years, a variety of ad hoc scaling and variable se-

lection methods have been developed in an attempt to
address this issue. These approaches are often less
than satisfactory, however, and until recently no gen-
eral method was available to handle estimates of
measurement uncertainty in an optimal fashion.

A breakthrough in this area came in 1994 when
w xPaatero and Tapper 1 first described a technique

Ž .they refer to as ‘positive matrix factorization’ PMF .
Although the results of this method are not directly
interchangeable with PCA, the two techniques are
similar in the sense that both provide a low dimen-
sional model for points in a higher dimensional space.
PMF has a number of useful features, but the one of
interest here is its ability to account for estimates of
measurement uncertainty in an optimal way. Paatero

Ž .and Tapper were not the first or last to use mea-
Žsurement uncertainties in this manner see for exam-

w x.ple Refs. 2,3 , but they were responsible for resur-
recting the idea in the chemometricsrenvironmetrics
literature. Unfortunately, their approach has not yet
been widely adopted, probably because the technique
is not readily associated with PCA and the algorithm
used in the original work was not clearly defined.
More recently, our group has independently devel-
oped a related technique which is referred to as
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‘maximum likelihood principal component analysis’
Ž .MLPCA because the incorporation of measurement
variance information in the model estimation is opti-

w xmal in a maximum likelihood sense 4 . This ap-
proach has a number of advantages over PMF. First,
the results are directly identifiable with the results
from conventional PCA, which makes its adaptation
into existing methods relatively straightforward. For
example, the technique has recently been used to im-

w xprove traditional multivariate calibration methods 5
w xand deal with the problem of incomplete data sets 6 .

A second advantage of MLPCA is that the basic al-
gorithm is an alternating least squares procedure
which is very compact and has excellent conver-
gence characteristics. The third, and perhaps most
important feature of MLPCA, is that, unlike PMF and
other similar approaches, it provides a method to ac-
commodate correlated measurement errors.

The presence of covariance among measurement
errors in chemistry is a ubiquitous phenomenon, with
sources ranging from the temporal correlations of
pump noise in chromatography to the spatial correla-
tions of array detectors in spectroscopy. Further-
more, many kinds of signal processing methods, par-
ticularly electronic or digital smoothing or derivative
filters, can give rise to correlations in measurement
noise. No characterization of noise is complete with-
out a description of these correlations, which are of-
ten expressed in the form of a noise power spectrum
Ž .Fourier transform . For example, the term ‘flicker
noise’ is often used to describe signals with low-
frequency correlations in the time domain. Perhaps a
more general description of measurement error corre-
lations, and the one that will be used in this work, is
the one provided by the measurement error covari-
ance matrix. This matrix describes the relationships
among all of the errors in a series of measurements.
In practice, the error covariance matrix, like the noise
power spectrum, is seldom known exactly, but ap-
proximations to it can be very useful.

Despite the fact that measurement error correla-
tions are almost universal for multivariate measure-
ments, there have been very few, if any, chemomet-
ric techniques that have taken this into account. His-
torically, scalar quantities obtained from ‘zero-order’
instruments normally result in independent measure-
ment errors from sample to sample, and this assump-
tion of independent errors has continued to higher-

order instruments where it is no longer valid. The de-
velopment of MLPCA now provides a framework
from which the importance of correlated measure-
ment errors can be assessed.

It is important to recognize that MLPCA is not just
a variation of PCA but is a more general theory of
multivariate modeling. PCA is a special case of this
more general view that applies when measurement
error variances are uniform and uncorrelated. The
ability of MLPCA to handle correlated measurement
errors is a unique characteristic of this method and
demonstrates the generality of the underlying princi-

w xples. Although the original paper on MLPCA 4 out-
lined the theory for dealing with correlated errors and
demonstrated its validity through simulations on
small matrices, there are two real limitations to the
practical application of these principles. First, the
practical estimation of error covariance matrices typ-
ically involves a finite number of replicates, which
results in a rank deficient matrix unless the number
of replicates is greater than the number of columns.
Because this matrix is inverted in the MLPCA proce-
dure, problems arise. The second problem is one of
practical limitations on memory. In the most general
case, the full covariance matrix for a matrix of N el-
ements will contain N 2 elements, and this rapidly
exceeds the storage capacity of most machines for
even moderate arrays. Even if the full covariance
matrix is sparse, storage requirements can still be
large and it would be useful to find methods to re-
duce it further.

In this paper, the theoretical and practical aspects
of MLPCA for correlated measurement errors are ex-
amined in more detail. Methods for improving nu-
merical stability and reducing the storage require-
ments are examined. These techniques are tested on
experimental and simulated data sets to demonstrate
their utility and reliability.

2. Theory

2.1. MLPCA

Although a thorough theoretical treatment of
w xMLPCA has been given elsewhere 4 , a brief de-

scription will be presented here for completeness. We
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begin by considering a m=n matrix, X, of experi-
mental measurements. For example, X could repre-
sent spectra measured for m samples at n wave-
lengths. We will assume that the matrix consists of

Ž . Ž 0.the ‘true’ and unknown measurements X cor-
rupted by measurement errors, E, i.e.:

XsX 0 qE. 1Ž .
Furthermore, we assume that X 0 has a rank of p as
a result of the fact that it is a linear combination of p
underlying factors, i.e.:

X 0 sAB 2Ž .
where A is m=p and B is p=n. For example, A
may represent concentrations of the p components in
the m samples and B may represent the correspond-
ing molar absorptivities at n wavelengths. Generally,
A, B and p are unknown, but PCA can be applied in
an effort to determine the rank and the subspace con-
taining A and B. Typically this is done by singular

Ž .value decomposition SVD of the experimental data
which gives the following:

XsUSV T 3Ž .
Here, if X is m=n with mFn, then U is m=m, S
is m=m, and V is n=m. The columns of U and V
are orthonormal, and S is the diagonal matrix of sin-
gular values. Unlike X 0, X contains random mea-
surement errors and is typically full rank in a numer-
ical sense. However, the chemical rank, or pseudo-
rank, of X is only p. Normally, X 0 is estimated by
reconstructing the data from a truncated SVD in
which only the first p principal components are re-
tained to give:

ˆ ˆ ˆ ˆ TXsUSV 4Ž .
ˆ ˆ ˆwhere U is m=p, S p=p and V is n=p. Typi-

cally, the reconstruction using p principal compo-
nents is compared to the original data to see if it is
sufficient to describe the measurements within exper-
imental error. In this way, the pseudorank of X can
be estimated.

In the above procedure, there was no considera-
tion of the characteristics of the error matrix, E, in the
calculation. In contrast to conventional PCA,
MLPCA incorporates such information into the de-
composition process. In one of the simplest scenar-

ios, we will assume that the measurement errors are
drawn from independent normal distributions with
zero means and known variances; that is:

e ;N 0,s 2 5Ž .Ž .i j i j

Žwhere e is an element of E. The philosophy ofi j

maximum likelihood estimation is not restricted to
normally distributed errors, but such an assumption

.does simplify the mathematics. Exact variances, of
course, are not generally known and must estimated
from a finite number of samples, but it has been

w xshown elsewhere 5 that MLPCA can still be used
effectively with the variance estimates.

In the case of independent errors, the measure-
ment error variance can be described in terms of a
series of n diagonal m=m column covariance ma-
trices, C :j

2s 0 PPP 01 j

.20 s PPP .2 j .C s 6Ž .. . .j . . . 0. . .
20 PPP 0 sm j

Alternatively, the same information is contained in
the m diagonal n=n row covariance matrices, S :i

2s 0 PPP 0i1
.20 s PPP .i2 .S s 7Ž .. . .i . . . 0. . .

20 PPP 0 si n

In MLPCA, the objective function to be minimized
Ž 2 .S is a summation of weighted squared residuals
given by:

2m n x y x̂Ž .i j i j2S s Ý Ý 2si jis1 js1

n
T y1s x yx C x yxˆ ˆŽ . Ž .Ý P j P j P j P j

js1

m
Ty1s x yx S x yx 8Ž .Ž . Ž .ˆ ˆÝ iP iP iP iP

is1

Here x represents a column vector of X and xP j iP

represents a row vector. Likewise, the xs indicate es-ˆ
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timates of ‘true’ measurements derived from the
model parameters.

Ž .Although Eq. 8 describes the minimization crite-
rion, it does not specify what parameters are to be

ˆŽ .minimized. Considering Eq. 4 , the columns of U
represent a p-dimensional orthogonal basis for the
n-points in the m-dimensional row space. Alterna-

ˆtively, we can view the columns of V as a p-dimen-
sional basis for the m points in the n-dimensional
column space. In either case, we seek the optimum
rotation of the p vectors describing the subspace that

2 Ž . Ž .will minimize S in Eq. 8 . In evaluating Eq. 8 for
ˆ ˆŽ .a trial model U or V we need x , the projectionsˆ i j

of x into the subspace of the model. In PCA, an or-i j

thogonal projection is used. In MLPCA, a maximum
likelihood projection is used. Depending on whether
one is working in the row space or column space, Eq.
Ž . Ž .9 or Eq. 10 is used for the ML projection:

y1
T y1 T y1ˆ ˆ ˆ ˆx sU U C U U C x 9Ž .ˆ ž /P j j j P j

y1
y1 y1 Tˆ ˆ ˆ ˆx sx S V V S V V 10Ž .ˆ ž /iP iP i i

ˆ ˆNote that U and V in these equations denote trial so-
lutions in general and are not necessarily the results
of conventional PCA. These projections are weighted
by the measurement uncertainties in such a way that,
for a given trial model, estimates of the true mea-
surements will be optimal in a maximum likelihood
sense. It is easily shown that, when all of the mea-

Ž . Ž .surements have uniform variance, Eqs. 9 and 10
lead to the usual orthogonal projection employed in

ˆ ˆ Tconventional PCA, i.e. x s UU x and x sˆ ˆP j P j iP
ˆ ˆ Tx VV . This is consistent with the widely knowniP

fact that PCA minimizes the sum of the squares of the
orthogonal residuals, and conventional PCA is a
maximum likelihood modeling method under equal
measurement variance conditions. However, when
these conditions are violated, this is no longer true.

Ž .In principle, Eq. 8 can be minimized by finding
ˆ ˆthe optimum rotation of either U or V. The remain-

ˆ ˆ ˆ ˆŽ .ing matrices S and V or U and S can then be easily
found by applying conventional SVD to the ML esti-

ˆ Žmates in X since these are restricted to a p-dimen-
.sional subspace . In practice, however, this approach

involves a multiparameter nonlinear optimization
which is often painfully slow and prone to local min-
ima. The solution to this problem was described in an

w xearlier work 4 and utilizes the elegant simplicity of
Ž .an alternating least squares ALS algorithm. Briefly,

this solution involves alternating between the row and
column spaces. The projections for a trial solution in
one space are used to estimate the solution in the al-
ternative space, and this process is repeated until
convergence is achieved. In our experience, this al-

Žgorithm has proven to be relatively fast although still
.orders of magnitude slower than standard SVD and

remarkably reliable.

2.2. Correlated measurement errors

The inclusion of correlated errors into MLPCA is
Ž .problematic in three ways: 1 theoretically, in that

non-diagonal covariance matrices must now be con-
Ž .sidered; 2 algorithmically, in that swapping be-

tween row and column spaces is no longer trivial; and
Ž .3 numerically, in that matrices are larger and, in
practical applications, may be numerically unstable.
Each of these problems will be addressed in turn.

In real applications of multivariate analysis, corre-
lations in measurement errors are likely to exist more
often than not, although this fact is generally ignored

Ž .because a the covariance information is generally
Ž .unavailable, and b even if it were available, there

are few analysis methods capable of dealing with it.
These two problems reinforce each other, however,
and it is important to develop general theories for
dealing with correlated errors to break the cycle.

It is possible to distinguish several cases of corre-
lated measurement errors. In some instances, correla-
tions may only exist among measurements within
each row or each column of the data matrix. This may
occur, for example, on an absorption spectrometer
where measurement errors on adjacent channels are
correlated by source flicker noise or cell positioning
errors, but there are no error correlations from sam-
ple to sample. In another scenario, such as a fluores-
cence excitation–emission spectrum, we might ex-
pect measurement error correlations to exist over the
entire matrix and not be restricted to rows or columns.
It is this general case that will be considered first and
then simplified to other scenarios.

In the general case, it is obvious that the simple
row and column covariance matrices, S and C , will
be insufficient to describe the relationships among all
of the measurement errors. These matrices describe
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Ž . Žonly mn mqn r2 relationships the factor of 2 is the
.result of the symmetry , while a full description of

Ž .covariance involves mn mn q 1 r2 interactions.
Therefore, we need a new way to describe covari-
ance and this is best accomplished by introducing the
Õec notation. The full covariance matrix, V, is de-
fined by:

T0 0VsE Õec XyX P Õec XyX 11Ž . Ž . Ž .Ž .

Here E denotes an expectation value. The Õec opera-
Ž 0.tor converts the m=n matrix XyX into an mn

= 1 vector by concatenating the columns in se-
w xquence 7 . Thus, V is an mn=mn symmetric ma-

trix. With this definition, the ML projection and ob-
jective function have been shown to be given by Eqs.
Ž . Ž .12 and 13 , respectively:

y1
T y1 T y1ˆ ˆ ˆ ˆ ˆÕec X sUUUUU UUUUU V UUUUU UUUUU V Õec X 12Ž . Ž .Ž . Ž .

T
2 y1ˆ ˆS s Õec XyX V Õec XyX 13Ž .Ž . Ž .Ž .

where:

ˆ ˆUUUUUsI mU 14Ž .n

Ž . Ž .Eq. 14 uses the Kronecker product m which gen-
ˆerates an mn = np block diagonal matrix, with U

replicated along the diagonal.
As before, S2 can be minimized by rotation of the

ˆp vectors in U in the m-dimensional row space of the
original matrix. While this solves the theoretical
problem of incorporating correlated errors into
MLPCA, it raises an algorithmic one related to how
to implement the ALS solution. This problem is eas-
ily addressed by vectorizing XT. The important equa-
tions are:

TT T0 0JsE Õec XyX P Õec XyXŽ . Ž .½ 5 ½ 5
15Ž .

y1
T T y1 T y1 Tˆ ˆ ˆ ˆ ˆÕec X sVVVVV VVVVV J VVVVV VVVVV J Õec XŽ .Ž . Ž .

16Ž .
TT T2 y1ˆ ˆS s Õec XyX J Õec XyX 17Ž .Ž . Ž .½ 5 ½ 5

ˆ ˆVVVVVsI mV 18Ž .m

In these equations, J is the full covariance matrix for
XT and contains the same information as V in a dif-
ferent arrangement. The relationship between V and
J is given by the commutation matrix, K, which is
an mn=mn permutation matrix with mn non-zero

w xelements 7 . In this case, K is defined by:

K s1 19Ž .a bi i

where:

Tw xas 1 2 3 . . . mn sÕec A 20Ž . Ž .
bsÕec AT 21Ž . Ž .

Žand A is an m=n matrix such that A s iqm jyi j
.1 . The remaining elements of K are zero. With this

definition we have the following:

JsK VKT 22Ž .
The general algorithm for implementing MLPCA
with correlated measurement errors is given in Ref.
w x4 and has been tested using simulated data. Al-
though the general case is important from a theoreti-
cal standpoint, it is of limited practical significance
because of the size of the matrices involved. For ex-
ample, a 100=100 emission-excitation matrix would
require storage of about 5=107 elements for the full

Ž .covariance matrix accounting for symmetry . The
problems of inverting a 104 =104 matrix would also
have to be addressed. Fortunately, real chemical
problems often involve simplifications that can make
the numerical aspects more tractable. Such simplifi-
cations are discussed in Sections 2.3 and 2.4.

2.3. Simplification 1— row correlations only

In many chemical applications, it may be reason-
able to assume that measurement errors are corre-
lated only along the rows or only along the columns.
Traditionally, in calibration problems, individual
spectra form the rows of X. In the case of natural
calibration or a well-designed experiment, there
should be no correlations in the measurement errors
for different samples, so we will treat the situation
where correlations exist only along the rows. Obvi-
ously, the arguments can be easily modified to ad-
dress the case of column covariance only, or the ma-
trix can be transposed, so that situation will not be
handled separately.
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In the case of error covariance in the rows only,
all of the covariance information is contained in the
n = n row covariance matrices, S, defined by the
following:

T0 0S sE x yx P x yx 23Ž .Ž . Ž .i iP iP iP iP

where x and x 0 are row vectors of X and X 0. TheiP iP

full covariance matrix, J, will now be block diago-
nal, consisting of m diagonal units of dimensions
n=n. This reduces the number of non-zero elements
from m2 n2 to mn2. While this is still a large number
in most practical applications, it makes a critical dif-
ference in many cases, permitting J to be stored as
a sparse matrix. Furthermore, the block diagonal form
allows J to be inverted by inversion of the individ-
ual covariance blocks, i.e.:

y1S1

y1S2y1J s 24Ž .. . .
y1Sm

This improves the numerical stability of the algo-
rithm. The inverse of the companion covariance ma-
trix can be obtained by using the commutation ma-
trix discussed in Section 2.2:

Vy1 sKT Jy1 K 25Ž .
Although the above simplifications make the im-

plementation of the covariance algorithm more feasi-
ble, there is still one more practical consideration
which arises from the initial estimation of the covari-
ance matrix. Although in some cases, there may be a
theoretical basis for estimating the error covariance
matrix, most real applications will require that it is
estimated from a set of replicates by using the fol-
lowing equation:

q1 T
Ŝ s x yx P x yxŽ . Ž .Ž . Ž .Ýi iP iP iP iPk kqy1Ž . ks1

26Ž .

Ž .Here x indicates the k th replicate and x is theiP k iP
Žaverage of the q replicates as before, both are row

.vectors . Unfortunately, this equation will lead to an
n=n matrix with a maximum rank of qy1. There-
fore, if the number of replicates is smaller than the

ˆnumber of channels, as is usually the case, S willi

be rank deficient and cannot be inverted. Often, use
of the pseudo-inverse can remedy problems of singu-
lar matrices, but this will not work in this case. To
illustrate, consider the simple case of regression in
two dimensions where there are no errors in X, i.e.:

0 0
Ss 27Ž .20 sy

The projection of a point for a straight line model
T ' 'Ž w x.with a slope of 2 V s 1r 5 2r 5 should be:

1 2x yw x w xx y s s 28x 2 x Ž .ˆ ˆ 0 0

The pseudo-inverse of S in this case is given by the
following:

0 0
qS s 29Ž .y20 sy

Ž .which, by Eq. 10 , gives a projection of:

0 0x y 0.5 y yx y w xs s 30ˆ ˆ Ž .
0.5 1

This is a horizontal projection rather than a vertical
projection, which is obviously incorrect. To solve this
problem, we can instead add a small value to the di-
agonal elements of S prior to its inversion, similar

w xto the approach used in ridge regression 8 . This
value should be large enough to ensure numerical
stability but small enough to avoid significantly per-
turbing the covariance matrix. We have found that the
following equation works well:

ˆ X ˆ ˆ5 5S sS qI S P´PnP100 31Ž .i i n i

In this equation, ´ represents the machine precision.

2.4. Simplification 2— identical row correlations only

The procedure described above is effective for
many problems, but there are ways to improve it fur-
ther. In certain cases where the row covariance as-
sumption applies, it may be possible to make the ad-
ditional assumption that the error covariance matrix
is the same for each row. This is reasonable, for ex-
ample, in cases where the spectral measurement er-
rors are independent of the magnitude of the signal.
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An additional advantage is that estimates of the co-
variance matrix obtained from replicates of each
sample can be pooled to obtain a better overall esti-
mate that is given by the following:

m1
ˆ ˆS s S 32Ž .Ýpooled im is1

The improvement in the estimation of S in this
manner may even offset errors arising from viola-
tions in the assumption of identical covariance matri-
ces.

Based on this assumption, a number of practical
advantages in storage and speed can be gained. The
block diagonal form of matrices in the row space
make it easy to demonstrate that the ML projection
in this space is:

y1
y1 T y1 Tˆ ˆ ˆ ˆ ˆXsXS V V S V V 33Ž .Ž .

Ž .This is analogous to Eq. 10 , except that it is now
possible to project the entire matrix at once rather
than one row vector at a time since S does not

Table 1
MLPCA algorithm for identical row error covariance matrices

Ž .1 Given an m=n data matrix X, a corresponding n=n row error covariance matrix S, and a model rank p,
Ž Ž . .first check to see if S is rank deficient rank S -n . If so adjust S according to:

5 5 Ž .S•SqI S P´PnP100 T-1n

where ´ is the machine precision.
Ž . Ž Ž ..2 Decompose X by SVD and truncate the solution to rank p designated as sÕd X, p .

ˆ ˆ ˆw x Ž . Ž .U,S ,V • sÕd X, p T-2

2ˆŽ .3 Obtain maximum likelihood estimates of X using V and calculate the objective function, S .1

y1 T y1 y1 Tˆ ˆ ˆ ˆ ˆŽ . Ž .XsXS V V S V V T-3

2 T y1ˆ ˆwŽ . Ž .x Ž .S s tr XyX S XyX T-41

2ˆ ˆŽ .4 Decompose X by SVD and obtain maximum likelihood estimates of X using U. Calculate the objective function S .2

ˆ ˆ ˆ ˆw x Ž . Ž .U,S ,V • sÕd X, p T-5

Tˆ ˆ ˆ Ž .XsUU X T-6

2 T y1ˆ ˆwŽ . Ž .x Ž .S s tr XyX S XyX T-72

ˆŽ .5 Decompose X by SVD.

ˆ ˆ ˆ ˆw x Ž . Ž .U,S ,V • sÕd X, p T-8

Ž .6 Calculate the convergence parameter, l.

2 2 2<Ž . < Ž .ls S yS rS T-91 2 2

If l is below the convergence limit, end. Otherwise, return to step 3.
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change. The objective function is then calculated
from the following:

m
T2 y1S s x yx S x yx 34Ž .Ž . Ž .ˆ ˆÝ iP iP iP iP

is1

As usual, if we wish to use the ALS algorithm, we
Ž .must find an analog to Eq. 33 in the column space.

This can be done if we first recognize that:

Jy1 sI mSy1 35Ž .m

ŽUsing the properties of the commutation matrix Ref.
w x .7 , p. 47 , we can also write the following:

Vy1 sKT Jy1 K
T y1sK I mS KŽ . 36Ž .m

y1sS mIm

Ž .Substituting into Eq. 12 and using the properties of
w xthe Kronecker product 9 gives:

ˆÕec XŽ .
y1T y1ˆ ˆ ˆs I mU I mU S mI I mUŽ .Ž . Ž . Ž .n n m n

T y1ˆ= I mU S mI Õec XŽ .Ž .Ž .n m

y1
T y1ˆ ˆ ˆs I mU I mU S mUŽ .Ž . Ž .n n

y1 ˆ T= S mU Õec XŽ .Ž .
y1y1 y1 Tˆ ˆs I mU S mI S mU Õec XŽ .Ž .Ž .n p

ˆ y1 ˆ Ts I mU SmI S mU Õec XŽ .Ž .Ž .Ž .n p

ˆ y1 ˆ Ts SmU S mU Õec XŽ .Ž . Ž .
ˆ ˆ Ts I mUU Õec XŽ .ž /n

ˆ ˆ TsÕec UU XIž /n

ˆ ˆ TsÕec UU X 37Ž .Ž .
or:

ˆ ˆ ˆ TXsUU X 38Ž .
The result is that, when row covariance matrices are
equal, the maximum likelihood projection in the col-
umn space is the usual orthogonal projection em-
ployed for PCA. This conclusion, while not immedi-
ately obvious, is intuitively satisfying since there is no

covariance within the columns. By employing Eqs.
Ž . Ž . Ž .33 , 34 and 38 , the procedure for including cor-
related errors is greatly simplified and storage re-
quirements are reduced from m2 n2 to n2. The basic
algorithm is given in Table 1 and MatLab code for
this routine is listed in Appendix A.

3. Experimental

3.1. Data sets

To investigate the potential benefits of incorporat-
ing correlated measurement errors into the modeling
process using MLPCA, both simulated and experi-
mental data sets were used. The simulated data sets
permitted varying degrees of measurement error cor-
relation to be specified under controlled conditions.
The experimental data set provided a practical appli-
cation where the potential benefits of incorporating
the correlation of the measurement errors into the
modeling process could be examined.

Simulated data sets consisted of spectra from 20
samples of three-component mixtures, with the con-
centration of each component in each of the 20 mix-
tures being assigned a value between 0 and 1 from a
uniform random number distribution. The spectral
profiles of the three components were Gaussian with
a s of 20 nm and maximum molar absorptivities of
unity at 480 nm, 500 nm, and 520 nm, respectively.
Pure spectral vectors were generated in the range of
400 nm to 600 nm at 5 nm intervals. The noise-free
data matrix was calculated by multiplying the 20=3
matrix of concentrations by the 3=41 matrix of pure
component spectra. Correlated measurement errors
were added to the noise-free data as follows. First, a
20=41 matrix of uncorrelated noise with a uniform
standard deviation equal to 1% of the maximum ab-
sorbance in the noise-free data matrix was generated
from normally distributed random numbers. To intro-
duce correlation among errors within the rows, the
rows of this matrix were filtered using a moving av-
erage digital filter which was wrapped around at the
beginning and end of each row. Filter widths of 5, 7,
9 and 11 points were used in separate runs to exam-
ine the effect of the degree of correlation. The corre-
lated noise matrix was added to the noise-free data to
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generate the data for calculations. Five replicates for
each sample were generated by using the same
noise-free data matrix but adding a new noise matrix
for each replicate. The replicates were necessary for
calculating an ‘observed’ error covariance matrix.
Finally, analysis by PCA or MLPCA was carried out
using the 20=41 matrix of the means of the five
replicates. Calibration models were also built using
the same matrix of means and then evaluated using a
prediction set of 100 samples with similar character-
istics but different concentration values.

The experimental data set was one used previ-
ously by Wentzell and Andrews, and the reader is re-
ferred to the original work for a complete description

w xof the experiment 5 . Briefly, 26 three-component
Ž . Ž . Ž .mixtures of the metal ions Co II , Cr III , and Ni II

were prepared in 4% HNO . Five replicate spectra3

were obtained for each sample using randomized
blocks with a reference spectrum run prior to each

sample to minimize instrumental drift. The spectra
were scanned over the range of 350 nm to 650 nm on

Ža HP 8452 diode array spectrophotometer Hewlett-
.Packard, Palo Alto, CA using a standard 1 cm quartz

cuvette. Each spectrum was recorded at 2 nm resolu-
tion with an integration time of 1 s. In the original
work, an optical bandpass filter with a wide pass band
was placed in front of the source to decrease its in-
tensity at the edges of the scanned region and there-
fore increase the level of noise at those wavelengths.
The mixture spectra of the samples are shown in Fig.
1.

3.2. Computational aspects

All of the calculations in this work were per-
Ž .formed in MatLab The MathWorks, Natick, MA on

a Sun Microsystems Sparc Server 1000 with 230 MB
of memory and four 50 MHz SuperSPARC CPUs.

Fig. 1. Spectra of mixtures of cobalt, chromium and nickel ions in 4% HNO .3
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4. Results and discussion

4.1. Simulated data

In order to distinguish among the various methods
for including covariance in the MLPCA decomposi-
tion, several cases will be defined. First, the term
‘individual covariance’ will be used to describe those
cases where a separate n=n error covariance matrix

Ž .is calculated for each sample row of the data ma-
trix of mean values. This calculation is made on the
basis of q replicate measurements for each sample by

Ž .Eq. 26 . Note that, since the data matrix analyzed is
actually the mean of the replicates, the error covari-

Ž .ance matrix calculated by Eq. 26 should be scaled
by qy1 to represent the covariance of the mean, but
a constant scaling factor only affects the magnitude
of the objective function and not the decomposition
results. Individual covariance matrices are used in
conjunction with the algorithm described in Section
2.3. A second term that will be used is ‘pooled co-
variance’. In this case, it is assumed that the error
covariance matrix is the same for all rows and an es-

Ž .timate of this can be obtained from Eq. 32 by aver-
aging the individual covariance matrices calculated
from the replicates. Finally, the term ‘theoretical co-
variance’ will be used to describe those cases where
true error covariance matrix has been calculated. This
is normally only possible with simulated data, but
permits a best case reference point for comparison
with estimated covariances. In the present study, cor-
related errors were generated by applying a moving
average digital filter to an m=n matrix of identical

Ž .and independently distributed iid normal errors with
a specified variance, E . Mathematically, the matrixiid

of errors added to the data was:

E sE F T 39Ž .corr iid

In this equation, F represents the n=n filter matrix,
comprised of the coefficients of the digital filter as a
diagonal band and wrapping around at the bound-
aries. For example, for a five point moving average

Žfilter, the n elements of the first row would be 0.2,
.0.2, 0.2, 0, . . . , 0, 0.2, 0.2 , the second row would be

Ž .0.2, 0.2, 0.2, 0.2, 0, . . . , 0, 0.2 , and so on. With this

Žrepresentation, the theoretical error covariance sam-
.ple is given by:

SsFF Ts 2 40Ž .iid

Here s is the standard deviation of the errors iniid

E .iid

The first study carried out was intended to see if
the algorithm described in Section 2.3 was indeed the
same as that in Section 2.4 when the rows of the data
matrix had identical covariance matrices. Both theo-
retical and pooled covariance matrices were used in
this study, with five replicates employed for each
sample. For the algorithm in Section 2.3, the single
covariance matrix was copied m times for all of the
samples, while only a single covariance matrix was
passed to the algorithm described in Section 2.4. As
expected from theory, both methods produced identi-
cal results. However, the algorithm in Section 2.4 re-
quired less memory and was more efficient by a fac-
tor of ca. 500 in this case.

Once the equivalence of the two algorithms for the
case of identical error covariance matrices was con-
firmed, a further study was carried out to examine the
effect of including covariance in the data decomposi-
tion. To do this, a noise-free 20=41 rank 3 matrix
was first generated in the manner described in Sec-
tion 3.1. This matrix was decomposed by SVD to give

Ž 0 0 0.‘true’ values for the decomposition U S V . Five
separate noise matrices, each with row-correlated er-
rors, were then added to the noise-free data matrix to
generate five replicates for each sample. The repli-
cates were used to calculate a mean data matrix and
error covariance matrices for each of the 20 rows.

ŽFour methods PCA and MLPCA with individual,
.pooled, and theoretical error covariance matrices

were then used to decompose the mean data matrix.
Ž .The resulting vectors u , u , u , z , z , z were1 2 3 1 2 3

evaluated by calculating the angle with the ‘true’
vectors:

uscosy1 uTu0 or cosy1 zTz0 41Ž .Ž . Ž .i i i i

This process was repeated with 100 data sets and the
mean angles and their standard deviations were cal-
culated over all 100 sets. The results are shown in Fig.
2 for each of the six vectors and four methods of de-
composition.
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Ž . ŽFig. 2. Comparison of results for the decomposition of simulated data correlated errors to the PCA decomposition of error-free data `s
PCA, IsMLPCA with individual covariance estimates, \sMLPCA with pooled covariance estimates, =sMLPCA with theoretical

.covariance . Vertical bars show the standard deviation of the means of 100 runs.

The results in Fig. 2 are not intended to be univer-
sal in their implications, since the characteristics of
this data set are quite specific, but it is instructive to
look at patterns of behavior. Focusing on the U vec-
tors first, it will be noted that use of the theoretical
error covariance matrix always produces the best es-

Ž .timate of the true vectors smallest angle as might be
anticipated. For u , however, nearly equivalent re-1

sults are generated with conventional PCA, with de-
viations becoming more significant with increasing

Ž .error covariance larger filter size . The use of indi-
vidual covariances and pooled covariances gives the
poorest results for this vector. This implies that the
uncertainty introduced by using estimates of the co-
variance is more important here than the error intro-
duced by assuming uncorrelated measurement errors.
This was confirmed by increasing the number of
replicate samples used to estimate the covariance

from 5 to 100, which caused the results from individ-
ual and pooled covariances to approach those ob-
tained using the theoretical covariance.

Moving from u to u and u , it is observed that1 2 3

the performance of PCA relative to the theoretical
covariance case degrades with the increasing princi-
pal component number and increasing error covari-
ance. In contrast, the performance of MLPCA with
individual and pooled covariance matrices improves
progressively. For the most highly correlated error in
the case of u , PCA performs the worst and the per-3

formance of MLPCA with the pooled covariance ap-
proaches the best case of the theoretical covariance.
Since this is the reverse of the situation for u , one1

might ask which is more important. To answer this,
the magnitude of the angular deviations can be ex-
amined. For u , the difference in the magnitude of the1

angular deviations is about 0.028, while for u it is3
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about 0.38. Since the purpose of PCA is often to esti-
mate the orientation of the hyperplane defined by the

Ž .vectors e.g., in target testing , it could be argued that
the improvement in the magnitude of the angular de-
viation observed for u by including the covariance3

outweighs the poorer performance observed for u in1

this case. Overall, it is clear that a calculation using
the theoretical covariance gives the best results, but
this is of little practical importance because the true
covariance matrix is not generally available. Beyond
this, the only general statement that can be made is
that the value of including error covariance in the
PCA decomposition increases with the reliability of
the covariance estimate and the degree of error corre-
lation. The practical utility of including covariance
will be demonstrated in Section 4.2.

Turning to the V vectors, whose performance is
evaluated in the bottom half of Fig. 2, a very differ-
ent pattern is observed. Whenever identical covari-

Žance matrices are used in the calculation PCA and
MLPCA with pooled and theoretical error covari-

.ance , the performance appears to be identical re-
gardless of the structure of the error covariance ma-
trix. The performance of the calculation with individ-
ual covariance matrices is always worse, and once
again this was attributed to the uncertainty in the co-

Žvariance estimates confirmed by increasing the
.number of replicates . The seemingly equivalent re-

sults obtained with the three other techniques moti-
vated us to examine whether this was the result of a
fundamental mathematical equivalence or an acci-
dent of symmetry. It can be demonstrated geometri-
cally and numerically that the results are not, in gen-
eral, mathematically equivalent but are typically very
close to one another, especially when the number of
rows in the data matrix is large.

It is instructive to try to understand some of the
above conclusions from a geometric perspective. To
do this, we begin with the simple 2=2 noise-free
data matrix given below.

1 20X s 42Ž .
3 6

This is clearly a rank 1 matrix and will result in two
points on a straight line whether the data are plotted
in the row or the column space. Correlated errors
were added to these data by first generating iid nor-

mal errors with unit variance and then applying an
Ž .arbitrary filter matrix in accordance with Eq. 39 :

1 20 TXsX qE F siid 3 6

0.5819 y1.2543 0.3 0.7q
1.6419 1.3455 0.7 0.3

0.2965 2.0310s 43Ž .
4.4344 7.5530

The error covariance matrix for these observations,
Ž .calculated by Eq. 40 is:

0.58 0.42
Ss 44Ž .

0.42 0.58

This data set was analyzed by PCA and MLPCA
with the theoretical covariance matrix. The results,
with the rows plotted as two points in the column

Ž .space, are shown in Fig. 3a. The asterisks ‘)’ rep-
resent the observed data and the line drawn repre-
sents the MLPCA solution for z . The points on this1

Ž .line ‘q’ are the MLPCA projections of the ob-
served points and the ellipses define the boundaries

Žaround these maximum likelihood estimates con-
tours corresponding to 2s in the multivariate proba-

.bility density function . Note that the ellipses are
Ž .identical since the row covariances are the same and

Žare not aligned with the axes since the errors are
. Ž .correlated . The PCA estimates of the points ‘0’ are

close to, but not exactly on the line defined by the
ŽMLPCA solution the PCA solution for z would1

pass through these points, but is not shown for clar-
.ity . A line drawn from the origin through the noise-

Ž .free data points ‘=’ would represent the ‘true’ z .1

Both the MLPCA and PCA solutions deviate some-
what from the true z , but they are close to one an-1

other. Note, however, that the projections of the
points are different for PCA and MLPCA.

The difference between PCA and MLPCA be-
comes more apparent in Fig. 3b, where the columns
of X are plotted as points in the row space. The same
symbols for the points have been used as in Fig. 3a
and the line represents the u vector calculated by1

MLPCA. In this case, the error boundaries are circu-
lar, since there is no correlation between rows and the

Žvariances are the same within a column here they are
also the same between columns since homoscedastic
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Ž . Ž .Fig. 3. Geometric illustration of PCA and MLPCA with row error correlations: a points plotted in the column space, b points plotted in
the row space. =serror-free measurements, )sobserved measurements, qsMLPCA projections of the measurements, `sPCA pro-
jections of the measurements. The line represents the rank one MLPCA solution and the ellipses describe the 2s boundary defined by the

Ž .error covariance matrix centered on the MLPCA projection .

.errors were used to generate the correlated errors .
The PCA and MLPCA projections are much differ-
ent in this case, however. This simple example clearly
illustrates the differences between MLPCA and PCA
when correlated errors are present.

The same noise-free data were also used to illus-
trate the problem of singular error covariance matri-
ces. As noted earlier, covariance matrices can be rank
deficient, leading to problems in their inversion in the
calculation of maximum likelihood projection matri-
ces. This rank deficiency can arise either from an in-
sufficient number of replicates in the calculation of an
experimental error covariance matrix, or in a theoret-
ical covariance matrix for certain types of digital fil-
ters. In this example, the filter matrix was altered to:

0.5 0.5Fs 45Ž .
0.5 0.5

leading to:

0.6638 1.6638 0.5 0.5Xs , Ss 46Ž .
4.4937 7.4937 0.5 0.5

Clearly, the error covariance matrix in this case is
rank 1, requiring the numerical adjustments de-

scribed in Section 2.3 prior to inversion. The results
of MLPCA in this case are illustrated in Fig. 4. In the
column space, shown in Fig. 4a, the geometric inter-
pretation of the singular covariance matrix is evi-
dent: the error bounds are confined to a single di-
mension that defines the direction of the maximum
likelihood projection. As in the case of Fig. 3a, the

Žfirst eigenvector produced by PCA obtained by con-
.necting the two circles is similar but not identical to

that produced by MLPCA, and both deviate some-
what from the ‘true’ eigenvector. In the row space,
however, the MLPCA solution is much closer to the
true solution than the PCA solution, as illustrated in
Fig. 4b.

There are a number of implications from the pre-
ceding discussion. First, it can be said that when PCA
is used to analyze spectra which have correlated er-

Žrors within each spectrum as rows in the data ma-
.trix , the estimation of the space containing the com-

ponent spectra is likely to be close to the solution ob-
tained by MLPCA. However, the projections of the
observed measurements into that space is likely to be
less reliable, leading to possible errors in calibration.
Errors in the prediction step are also more likely for
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Ž .Fig. 4. Geometric illustration of PCA and MLPCA with row error correlations when the covariance matrix is singular: a points plotted in
Ž .the column space, b points plotted in the row space. =serror-free measurements, )sobserved measurements, qsMLPCA projections

of the measurements, `sPCA projections of the measurements. The long line represents the rank one MLPCA solution and the shorter
Ž .lines describe the 2s boundary defined by the error covariance matrix centered on the MLPCA projection .

the same reason. A second implication of the fact that
the V vectors are estimated well by PCA is that the
initial approximation to the MLPCA solution is best
obtained by carrying out PCA on the original data,
and then performing the maximum likelihood projec-

Ž .tions using Eq. 33 . In fact, this has been done for
the MatLab code listed in Appendix A. Finally, in
cases where an exact solution by MLPCA is too
time-consuming, using PCA in conjunction with Eq.
Ž .33 is a fast way to obtain an approximate solution
which includes covariance. MatLab code for this ap-
proach is listed in Appendix B and the viability of this
method with experimental data is evaluated in Sec-
tion 4.2.

To support some of the conclusions drawn above
regarding multivariate calibration, principal compo-

Ž .nents regression PCR and maximum likelihood PCR
Ž . w xMLPCR 5 were carried out on the simulated data
sets. Each data set consisted of 20 calibration spectra
and 100 prediction spectra, each of which was the
mean of five replicates. These were generated in the
same manner as described earlier. The pooled covari-
ance matrix was calculated from the replicates for the
calibration samples. PCR was conducted in the usual
way, determining the scores through SVD and re-

gressing the reference concentrations for each of the
three components on these scores. In this regression,

Ža pseudorank of three was assumed expected for the
.three component mixtures . The calibration model

was evaluated using the 100 prediction samples. For
each prediction sample, scores were generated
through an orthogonal projection of the spectrum onto

Žthe first three principal components tsxV, where t
is the 1=3 vector of scores and x is the 1=n spec-

.tral vector and these were used to predict the con-
centration. The root mean squared error of prediction
for each component was calculated as:

Npred
2pred trueRMSEPs y yy rN 47Ž .Ž .Ý) i i pred

is1

where y pred and y true are the predicted and actuali i

concentrations of a particular component in predic-
tion sample i and the number of prediction samples
is denoted by N . A total prediction error was alsopred

calculated for each calibration model according to:

3
2

RMSEP s RMSEP r3 48Ž .Ž .Ýtot j)
js1
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where RMSEP refers to the RMSEP of componentj

j. The lower the RMSEP for a calibration model thetot

better the predictive ability of the model. For MLPCR
w x5 , the same basic procedure was used except that

ŽMLPCA using the pooled or theoretical error co-
.variance matrices was employed in place of SVD and

Ž Ž ..a maximum likelihood projection Eq. 33 was used
to determine the scores for the prediction samples.

The results of this study are summarized in Fig. 5,
which shows the prediction errors as a function of the
calibration method and degree of correlation in the

Ž .errors filter size . Three calibration methods were
used: PCR and MLPCR with pooled and theoretical
covariance matrices. For every combination of cali-
bration method and filter size, 100 runs were carried
out, each with 20 calibration and 100 prediction sam-
ples. The points in the figure show the mean
RMSEP and the error bars represent the standardtot

deviation of the mean. The results here are consistent

with those in Fig. 2. The smallest prediction errors are
always obtained when MLPCR is used with the theo-
retical covariance matrix. MLPCR with the pooled
covariance matrix does not perform as well as PCR

Žwhen the degree of error correlation is small filter
.sizes5 , but performs significantly better as the de-

gree of correlation increases. Note that the pattern of
behavior is most similar to that for u in Fig. 2, sup-3

porting earlier speculation that it is the most poorly
defined vector that determines the quality of the re-
gression.

4.2. Experimental data

Although the simulations showed that at least
some improvements in the results of multivariate data
analysis are possible by incorporating a knowledge of
correlated errors through MLPCA, the practical im-
plications remained unclear. For experimental data,

ŽFig. 5. Results of multivariate calibration by PCR and MLPCR on simulated data sets with correlated errors `sPCR, =sMLPCR with
.pooled covariance estimates, )sMLPCR with theoretical covariance . Vertical bars show the standard deviation of the means of 100 runs.
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the exact error covariance matrix is not generally
known, and the uncertainty in the pooled covariance
estimate may outweigh improvements brought about
by its inclusion. Furthermore, the extent of error cor-
relation may be small. To determine if including in-
formation about the error covariance matrix in multi-
variate calibration could be useful in a practical situ-
ation, the mixture data from the CorCrrNi system
were examined. The residuals from the sample means
in this data set were first examined visually and found
to be approximately normally distributed. The pooled
covariance matrix from this system was then calcu-
lated from the replicates and a contour plot of this
matrix is shown in Fig. 6. To facilitate visualization,
the covariance matrix in the figure was calculated by
first dividing the absorbance in each channel by the
pooled standard deviation in that channel. This was
necessary for the figure because otherwise the large
variance in the channels at the edges of the spectrum

dominated the covariance matrix and obscured the
structure near the center. For the data analysis, how-
ever, the unscaled absorbances were used. The con-
tour plot clearly shows the presence of correlated er-
rors, with particularly high correlations near the cen-
ter of the spectra and for several channels near the
left-hand side. The precise source of these correla-
tions is not known, but it is clear that the assumption
of iid errors is not valid here.

Table 2 shows the results of the analysis of this
data set using PCR and MLPCR with and without er-
ror covariance. In practice, one might be inclined to
exclude those regions of the data set that are ex-
tremely noisy, so two sets of results are shown. The
first includes the full wavelength range, while the
second includes only measurements between 388 and
588 nm so that the extremely noisy portions are re-
moved. The results presented are the root mean

Ž .squared errors of cross-validation RMSECV calcu-

Ž .Fig. 6. Contour plot of pooled error covariance matrix normalized for experimental data set.
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Table 2
Comparison of multivariate calibration results for PCR and MLPCR methods with and without the inclusion of error covariance information
Ž .CorCrrNi data set

Ž .Species RMSECV mM

Full wavelength range Reduced wavelength range

PCR MLPCR MLPCR PCR MLPCR MLPCR
Ž . Ž . Ž . Ž .no covariance covariance no covariance covariance

Co 7.88 0.223 0.141 0.388 0.386 0.188
Cr 2.83 0.076 0.046 0.121 0.114 0.065
Ni 11.02 0.277 0.232 0.433 0.454 0.394
Total 7.99 0.210 0.159 0.343 0.350 0.254

lated through leave-one-out cross-validation. In this
procedure, each of the samples in turn is treated as a
prediction sample while the calibration is performed

Žon the remaining 25 samples mean values were
.used . The RMSECV for a given component is cal-

culated by:

N
2pred refRMSECVs y yy rN 49Ž .Ž .Ý i i(

is1

where y pred and y ref are the predicted and referencei i

concentrations, respectively, of a particular compo-
nent in the excluded sample, and N is the number of

Ž .samples 26 in this case . A total cross validation er-
ror was also calculated for each model in a manner

Ž .analogous to Eq. 48 . Table 2 shows only the results
with three latent variables since, as expected, this was
the optimum pseudorank. It should be pointed out that
the values shown for PCR and MLPCR with no co-
variance are slightly different from those in the origi-

w xnal work 5 because the latter used individual sam-
ples rather than mean values.

Considering the results for the full wavelength
range first, it is clear that MLPCR, in either form, is
far superior to PCR, since it attempts to model the
measurement noise. This is consistent with earlier re-

w xsults 5 and will not be discussed further here. The
results in Table 2 also show a significant improve-
ment in the RMSECV when the error covariance es-
timates are included. Although these results are not
exactly dramatic, to our knowledge they represent the
first case where the use of error covariance informa-
tion in this way has led to an improvement in results

Žfor a practical problem in chemometrics. Others,
w x w xsuch as Næs 10 and Thomas 11 have discussed er-

ror covariance in multivariate calibration, but in a
.different context. The extent of the improvement

observed in other cases is expected to depend on the
degree of correlation of the errors and the reliability
with which the error covariance matrix is estimated.

Some interesting observations can also be made
for the reduced wavelength range. In this case, the
PCR and MLPCR results without error covariance are
very similar. This is anticipated, since the error vari-
ances are expected to be nearly uniform in this re-
gion. In fact, PCR demonstrates a slight advantage,
probably because of the uncertainty in estimating the
variance for MLPCR. However, a significant im-
provement is again observed for MLPCR when the
covariance is included, indicating the potential im-
portance of this information. It is also important to
note that both sets of MLPCR results for the reduced
range are inferior to the corresponding results ob-
tained when the full wavelength range is used, and
that the best overall results are obtained using the full
wavelength range and MLPCR with error covari-
ance. This suggests that, in truncating noisy mea-
surements, we are potentially excluding useful infor-
mation from the calibration and, by incorporating
these measurements in an optimal fashion using an
appropriate error model, improved results can be ob-
tained.

It should also be noted that, for this example,
identical results were obtained using the fast version
of the MLPCA algorithm given in Appendix B, sug-
gesting that the approximation is very reliable. In this
case, the results were obtained in a fraction of the
time and required only twice as many singular value
decompositions as conventional PCR for the cross-
validation. Therefore, in the case of identical row er-
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ror covariance matrices, arguments against MLPCR
based on execution time are not credible and inclu-
sion of the covariance information is actually quite
trivial.

5. Conclusions

The principal objective of this paper has been to
present more efficient methods to include measure-
ment error covariance in multivariate decomposition
by MLPCA. The assumption in developing these
methods has been that errors are correlated in the
rows of the data matrix only. Further simplifications
result if the error covariance matrix can be consid-
ered to be identical among all of the rows of the data
matrix. Under these conditions, the fastest method for
incorporating measurement error covariance is to first
decompose the data matrix by SVD, calculate the
maximum likelihood projections of the observations
using a truncated V matrix and the error covariance

Ž Ž ..matrix Eq. 33 , and finally perform SVD on these
maximum likelihood projections. However, this al-
gorithm, while fast and compact, is only an approxi-

Žmation to MLPCA although normally quite a good
.approximation . The exact MLPCA solution is ob-

tained using the alternating least squares algorithm
described in Section 2.4. In cases where the error co-
variance matrix cannot be assumed to be identical for
all of the rows, the algorithm described in Section 2.3
can be used. For all of the methods described here, a
solution to the practical problem of a rank deficient
error covariance matrix has been proposed and shown
to work effectively.

Although an examination of the practical implica-
tions of including measurement error covariance in-
formation in multivariate analysis was an objective
secondary to the theoretical development in this work,
some results have been presented which demonstrate
the advantages of this approach. Use of the ‘true’ co-
variance matrix always produced the best results, but
in practice the advantages of including error covari-
ance have to be weighed against the uncertainty in
estimating the covariance matrix from experimental
data and the extent of error correlations. Improved
results for one experimental data set have been shown
in this work, but further studies with a range of error
covariance structures are needed to fully assess the

practical impact of this innovation. Although the ef-
fort needed to estimate the error covariance is a bar-
rier to implementation of these methods, this work
suggests that perhaps more attention should be paid
to understanding the error structure in multivariate
data sets so that this information can be more effec-
tively utilized.

Another important area for future work is the de-
velopment of algorithms for dealing with simultane-
ous row and column error covariance. These data sets

Žare not uncommon in chemometrics e.g., chro-
matography with multichannel detection, fluores-

.cence excitation–emission spectra . While a theoreti-
cal foundation has been established to deal with these
situations, it is likely to be computationally impracti-
cal. Further developments emphasizing numerical
simplification could improve this situation.

The work presented here is significant in the es-
tablishment of a theoretical and practical framework
for accounting for correlated errors in multivariate
analysis. It is anticipated that this will be important
in many aspects of multivariate analysis, including
calibration and mixture analysis, as well as in future
studies examining, for example, the effects of digital
filtering as a preprocessing tool and the role of highly

Ž .correlated noise e.g., baseline drift in data analysis.
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Appendix A

Listing of MatLab code for maximum likelihood
principal component analysis with equal row error
covariance matrices.

w x Ž .function U,S,V,SOBJ,ErrFlag smlcov X,Cov,p ;
%
% MLPCA for equal row covariances.
%
% U,S,V MLPCA parameters analogous to
% SVD results
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% SOBJ value of objective function after
% optimization
% ErrFlag s0 for normal completion
% s1 for max iterations
% X data matrix
% Cov row error covariance matrix
% p dimensionality of desired model
%
%%%%%%%%%%%%%%%%%%%%%%
%
convlims1ey10;
maxiters200000;
w x Ž .m,n ssize X ;
%
%Check to see if error covariance is rank
%deficient and adjust if necessary.
%
Ž Ž . .if rank Cov -n

Ž . Ž .CovsCovqeye n )norm Cov )eps)100)n;
end

Ž .Qs inv Cov ;
%
%Begin alternating least squares procedure for
%MLPCA
w x Ž .U,S,V ssvd X,0 ;
counts0;
ErrFlagsy1;

Ž .while ErrFlag-0
countscountq1;

Ž .VsV :,1:p ;
Ž X . XXXsX)Q)V)inv V )Q)V )V ;

dXsXyXX;
S1s0;
for is1:m

Ž . Ž .XS1sS1qdX i,: )Q)dX i,: ;
end
w x Ž .U,S,V ssvd XX,0 ;

Ž .UsU :,1:p ;
XXsU)UX

)X;
dXsXyXX;
S2s0;
for is1:m

Ž . Ž .XS2sS2qdX i,: )Q)dX i,: ;
end

Ž .convtsts S2yS1 rS2;
Ž .if abs convtst -convlim

ErrFlags0;
Ž .elseif count)maxiter

ErrFlags1;
end
w x Ž .U,S,V ssvd XX,0 ;

end
%
% All done. Clean up.
%
SOBJsS2;

Ž .UsU :,1:p ;
Ž .SsS 1:p,1:p ;
Ž .VsV :,1:p ;

Appendix B

Listing of MatLab code for quick approximation to
maximum likelihood principal component analysis
with equal row error covariance matrices.

w x Ž .function U,S,V smlcovq X,Cov,p ;
%
%MLPCA for equal row covariances.
Ž .% fast approximate solution

%
% U,S,V MLPCA parameters analogous to
% SVD results
% X data matrix
% Cov row error covariance matrix
% p dimensionality of desired model
%
%%%%%%%%%%%%%%%%%%%%%%
%

Ž Ž ..ns length X 1,: ;
%
%Check to see if error covariance is rank
%deficient and adjust if necessary.
%
Ž Ž . .if rank Cov -n

Ž . Ž .CovsCovqeye n )norm Cov )eps)100)n;
end

Ž .Qs inv Cov ;
%
%Decompose X by SVD and calculate
%maximum likelihood projections in the
%column space.
%
w x Ž .U,S,V ssvd X,0 ;

Ž .VsV :,1:p ;
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Ž X . XXXsX)Q)V)inv V )Q)V )V ;
w x Ž .U,S,V ssvd XX,0 ;

Ž .UsU :,1:p ;
Ž .SsS 1:p,1:p ;
Ž .VsV :,1:p ;
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